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ON THE GAUGE-INVARIANT VARIABLES

FOR NON-ABELIAN THEORIES
N.B.Skachkov, |.L.Solovtsov} 0.Yu.Shevchenko

Gauge invariant field variables are proposed for
the case of non-Abelian field theories. The relation
~of these variabtes with the gauge-invariant strength
tensor is found. It is shown that the Lorentz gauge
condition formulated in terms of Mandelstam”s contour
derivatives takes place for new field variables and
it serves as a secondary constraint according to Di~

rac”s definition.
The investigation has been performed at the Labo-
ratory of Theoretical Physics, JINR.

0 xanubpoBOUYHO-UHBAPHAHTHLIX NEPEMEHHBIX
B HeabeneBbix TeopuAX

H.B.CxaukoB, H.Jl.ConoBuos, 0.10.lMemuenko

B HeabeneBoi#i KalIHMGpPOBOUYHOII TEOPHH NOJII BBOOATCSH
KaJim6poBOYHO-HHBApHAaHTHBE MOJIeBHEe TNepemeHHnle, Haline-
Ha HX CBASHh C KanHGpPOBOUHO—HHBADHEHTHHM TEH3ODOM Ha-
npsokeHHOCTH. IJloka3aHo, UYTO OJIA BBENEHHBIX MOJIEBHX nepe-
MEHHbIX BHIIOJIHAETCS B KAaYecTBe BTODHYHOH CBASH YCIIOBHe
Jlopenna, s3amHMCaHHOE B TepMHMHAX KOHTYDHHIX NPOHNSBOMHBIX
MaHpenpcTama.

Pabora BemonHeHa B Jla6opaTOpHH TeOpeTHYeCKoH dusu—
xku OWIH.

In our previous paperll/we have formulated a gauge-in—

variant approach to quantum electrodynamics. It was shown
that gauge-invariant field variables introduced in’!/ co-
incide with the usual fields taken in some gauge. The so-
called inversion formulae that connect in a simple way
gauge-invariant vector fields with the strength tensorFﬁV
were found. It was shown that for these fields the Lo-
rentz gauge condition takes place as a secondary const-—
raint in accordance with Dirac’s definition. In the pre—
sent paper we give a generalization of the results of

to the non—-Abelian case.
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We define the field potential

x
B#(x]§)=-A#(x) —:a# é_dn (a)AV(n(a))-—
1 ¢))
- ig{J daa[Au(n(a)?,AV(q(a))],

where na)=¢+a(x - £), 0 <a <1 and A (x) is the non—Abe-
lian vector field. #

It is easy to see that in the Abelian case B,(x| &)
coincides with the field of Fock®s class/2:3/

Integrating by parts and with the help of the defini-
tion of the strength tensor
F“,, (X)=<9,,A#(X)- a#A,,(X) - ig[Au(x),AV(x)] (2)

\

we find a relation of the field Bp(xjf) with F‘#V
1 v

B, ®|6)= [ daal =€) F, (¢ +a - £), )
0

Formula (3) coincides with an inversion formula obtained
in Fock”s gauge (x - .f)"AE(x):-O.It should be noted that the
strength tensor F;w is taken in an arbitrary gauge and not
necessarily in Fock”s gauge.

In’% (see also/s/) the operator
X

U@|c) = Pexpl-ig [ dy A, (] | ()

—oo

has been introduced, where P means an ordering along the
contour C. Now we perform a gauge transformation

A,@ — A:‘:(x) -omA,®ae! (x)+—ié—8#w ®)o 1 ®)
with co(x):-U+(x[C). Under this transformation F , transforms
into the gauge-invariant temsor ¥  (x|C) =.U+(xic)F L(X)Ux|C)

considered in/%/, and the field B#(flﬂllf), defined by 13),
transforms into the gauge-invariant vector field

1

8,&0)= [daa®@~¢)"F, & + ax - £)O). (5)
0

Tensor fﬂw (x{C) obeys equality

gpffuv ®|C) + 5# %,, ®C)+ 5, Fpy | C) = 0

written in terms of Mandelstam”s contour derivatives,that
are defined as follows’/%45/.

3, UE|C) = lim Uk + AZIC7) - UGIO) 6)
Ax 0 Ax
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where contours C and C° differ only by a value of Ax.
With the help of this equality it is possible to show
that

%, ®10)=3, B,(; £C)-3,8, (x; £]C). )

Thus, the relation of the gauge-invariant strength ten-
sor gfﬂv(x]C) with the gauge-invariant vector field 8, (x;£|C)
is analogous in form to the well-known relation thag ta~
kes place in the Abelian case up to a substitution of or-
dinary derivatives by Mandelstam”s contour derivatives.
With the help of (5) and taking into account antisym-
metry of the tensor 5&,@|C) and equation of motion
a#,‘fw x|C)=0 we find

5“93F(x; £|C)=0. (8)

Formula (8) is nothing more but a secondary constraint
(in accordance with Dirac”s terminology’®/) and it has the
meaning of generalization of the Lorentz condition for the
non-Abelian case.

Now let us consider a %%1}eralization of Dirac”s class
of gauge-invariant fields for the non—-Abelian case.We
introduce the field

B,&ID =A@~ [dyf (x-y)D,A,0), | 9)

where D, = J -—iglA,, ...]J,is a usual covariant derivative and
the function fY(x-y)obeys the conditions

| a"f#(z) = 3@ 1 (@) - fﬂ(z). (10)

In the Abelian case the field (9) transforms into a field
introduced by Dirac /7. From (9) with the help of (10) and
(2) the next formula follows

B,&ID= &yt G-9F, ©). an

By analogy with the previous case let us perform with
the help of gauge transformation with w(x)=U+(x|C)
a transition to the gauge-invariant variables ﬂS# x;f|C)
and 5’“/ (x| C) connected by formula

F, (x:110) = fay t'(x -y 5, 7| C). (12)

For the field (12) it is possible by analogy with the
previous case to prove that the next formula holds
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% (x|C)=-5vaP(x;f|C)-:5# 8, &:{]|C) (13)

and the condition
?%F(x;f|0)= 0 (14)

takes place. It appears as a secondary constraint and
has the meaning of the generalization of the Lorentz
gauge condition for the non-Abelian case.

In conclusion it should be mentioned that a local
phase transformation for spinor fields, that is consis-
tent with a §auge transformation of the vector fields
with o ®)=U"(x|C),1eads to the gauge-invariant variables

¥x|C) -T'U x|0) ¥&) (15)

where the matrix ', as usually, connects the adjoint and
fundamental representations of the Lie groups.
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